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ABSTRACT: In the present paper, we shall prove a fixed point theorem by using generalized weak C-
contraction of integral type. Our result isgeneralization of much known results.
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I.INTRODUCTION AND PRELIMINARIES

Let (X, d) be a complete metric space and T: X -~ X aself-map of X. Supposethat Fy = {x € X| T(x) = x} is the set
of fixed points of f. The classical Banach’s fixed point theorem is one of the pivotal results of functional analysis.

By using the following contractive definition: there exists kE [0, 1) such that W x y X, wehave
d(Tx, Ty) <kd (xy) . (L1)

If the metric space (X,d) is complete then the mapping satisfying (1.1) hasa unique fixed point . Inequality
(1.1) implies continuity of T. A natural questionisthat whether we can find contractive conditions which will
imply existence of fixed pointina complete metric space but will not imply continuity .

Kannan [10,11] established the following result in which the above question has been answered in the
affirmative.

If T:X —= X where (X,d) is complete metric space, satisfies the inequality

d(Tx, Ty) <k[d (x,Tx) +d(y,Ty)] (1.2

where 0< k < % and x,y X, thenT hasaunique fixed point.

The mapping T need not be continuous .The mapping satisfying (1.2) are called Kannan[10,11] type mappings.
There isalargeliterature dealing with Kannan type mappings and their generalization some of which are noted
in[8] ,[17] and [19].

A similar contractive condition has been introduced by Chatterjee [6].. We call this contraction a C- contraction.

Definition 1.1.1. C-contraction
Let T: X = X where (X, d) isametric space is called a C — contraction if there exists 0< k < % such that for al x,

y X the following inequality holds:
d(Tx, Ty) <k[d (x,Ty) +d(y,Tx)] (1.3)

Theorem 1.1.1. A C- contraction defined on a complete metric space has a unique fixed point.

In establishing theorem 1.1.1 there is no requirement of continuity of the C-contraction.

It has been established in [15] that inequalities (1.1),(1.2) and (1.3) are independent of one another. C- Contraction
and its generalizations have been discussed in a number of works some of which are noted in [4] ,[8], [9] and [19].
Banach’s contraction mapping theorem has been generalized in a number of recent papers. As for example,
asymptotic contraction has been introduced by Kirk [12] and generalized Banach contraction conjecture has been
proved in [1] and [14].

Particularly a weaker contraction has been introduced in Hilbert spaces in [2]. The following is the corresponding
definition in metric space.

Definition 1.1.2. Weakly contractive mapping
A mapping T :X — X where (X,d) is complete metric space is said to be weakly contractive if d(Tx,Ty) <

dix,y) =% (d(x,y)). (1.4)
Wherex, y € X , ¥ :[0,20) - [0,0) is continuous and non-decreasing,
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W (x)=0 ifandonly if x=0 and lim,_,, v (x) = .

There are anumber of works in which weakly contractive mappings have been considered. Some of these works are
noted in[3],[7].[13], and [16].
In the present work in the same spirit we introduce a generalization of C- contraction.

Definition 1.1.3. Weak C- contraction;
A mapping T : X - X, where (X, d) is a metric spaceis said to be weakly C — contractive or a weak C-
contraction if for all x,y X,

d(Tx,Ty) gé [d (x,Ty) +d(y,TX)] =¥ (d (x,Ty), d(y,Tx) ) (1.5)

where [0, )% — [0,%) isa continuous mapping such that W (x,y)=0 ifandonlyif x=y=0.

If wetake W (x,y) = k(x+y) where0< k < % then (1.5) reducesto (1.4), that isweak C — contractions are

generalizations of C - contractions.
In arecent paper of Branciari [20] obtained afixed point result for asingle mapping satisfying an analogue of a

Banach’s contraction principle for integral type inequality as below: there exists ¢ €[0,1) suchthat ¥ x,y X,
we have

L peyde <k, ‘7 p(t)de

Where ¢ : R* - R* is aLebesgue - integrable mapping which is summable, non-negative and such that for each
€ >0, [ p(t)dt >0.

Our main result is extended and modified to the weak C — contraction mapping in integral type.

[I.MAIN RESULT

Theorem 2. Let T:X — X where (X,d) is complete metric space be a weak C-contraction, whichis
satisfying the following property:

C(TxTy) d(x, Ty)+d (¥, Tx)
jc xTy (p(t)dtgafg p(t)dt
d(x,Tx),d (v,
y fomax{ (x,Tx),d(%.Ty)} (p(f)dt
— [VUCTNAGTOAETDAOTNY o 4y gy

0 ) =
+5 J«cmax {d(y,Tx),d(y.,Ty)} qo(t)dt (21)

Then T has a unique fixed point.
Where «,f €[0,1) with 2a + f+ 8 <1 and ¢ :R* - R™ isa Lebesgue - integrable mapping whichis
summable,non negative and such that for each € >0, jﬂfcp(t]dt >0 and W: [0,0)? - [0,) isa continuous

mapping such that W (x,y) =0 if and only if x=y=0.

Proof : Letxy €Xand foralln=1, x,,,=Tx, .

If xy41=2x,= Tx,. Then x,; isa fixed pointof T.

SO we assume, X4 #+ Xy.

Putting x=x,_, and y=x, in (2.1) we have for all n= 0,12, .......
J"c[ (xnw‘-n+'l) (‘O(f)dt i J‘Dd(rxn—l Txn) (P(t)dt

d(xpn—1, Txp)+d(xn.Txn-1)

<al e(t)dt

o p [rox AT dlnts) o g

W{d(xn—1, T ) d0x, Tan -1 ) d(Xn—1,Txp 1 )8 (x5, Txn )}
_J‘U n-1 1 niin-1 n=1{4n-1 g (p(f)df

max {d(xn,Txn—1),d(xn,Txn)}

+6 [, p(t)dt
= «a J"c[ (n—1, Xpt1)+d(xnxn) q‘)(t)df
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+B jomaX{d(xn'-l‘xn)'d(xn'xnﬂ)}(p(t)dt

5 [ ) dntne )} o 5 gy

. j‘c:l'{d(xn—la xn+1)-d(-xnx‘n)rd':xn—‘l:xn)-d(xn-xn+l)] (p(f)dt
Since T is Weakly C — contraction, this gives that

"l" { d(“?‘n-h xn+1)n 01 d(xﬂ—li’xﬂ)’ d(xnv xn+1}} =0 and
_fg[ (FnXn+1) o(t)dt < afod(xn—l- xﬁﬂ)(p(t)dt
+ J‘-? fﬂmax [ d(rp—1.20).8(XnXn+1)} q)(t)dt

i -Jromax {d (an, %0 ) d (Xp X041 (ﬂ(fjdt (22)
Now here arise two cases
Casel: - [fwe choose

max { d(xn—lr xn)l d(xn, x'n-_-{-l) } i d(xn—‘]_r xn)
Then (2.2) can be written as

J-ac (XnXns1) o(t)dt < afﬂd(xn—l' xn](P(t)df = j'od(xn: *n41) o(O)dt
+8 1, g(0)de +6 [} g (et
(1- a-6) [ 5 o(nyde= (a + ) [ p(v)de
f.; (xn.xnﬂ)(p(t)dt: 1f:f6f0d(xn_1.rn)§0(t)dt
fud(x“'x““) p(t)dt SKfcd(x“_”x") @(t)dt where k =
Case 2 :: If we choose

max { d(p-_1, %), (X, Xps1) = d(¥n, Xne1)
Then (2.2) can be written as

J-cl: (XnXnt1) qﬂ(t)dt <a .'-ﬂd(rn—l; xn) Qﬂ(t)dt ‘e -[Utl[xna Xn+1) Qﬂ(t)dt
[ p(o)de +8 [ g0t
[1-(a+ B+ 8" p)de = a [ ™ p(0)de

dxn.xns1) = o d(xn—1, xp)
b pO)dt = o ] p(t)dt

1,8 ) g (0)dr <k 3 p(t)de where k=
From eabove both cases:
_IG[ (xnxn41) o(t)dt < K2 Iﬂd(xn—zxn—l)q)(t)dt
< k3 J‘Od(xn—g -Xn-z)¢(t)dt

a+f
1-a- &

<1

74

1 (atf1d) <1 (2.3

<k [250 o (ydr

Taking limit as n — oo, we get

lim,, ., "™ p()dt =0, as kE[0,1) (2.4)
Now we prove that {x,} iz a Cauchy sequence. Supposeit isnot. Then there existsan & > 0 and sub sequence
{¥mp) Jand {3 ) Jsuch that
m(p) < n(p) << m(p+1) with
Aty Xm@))2 & A(Xnp)-1. Xm@) )< € (2.5)
Now
A(Xmp)-1,%nm)-1)= dXmpi-1, Xm@) + AXm) Xn@)-1)

< dXmpi-1:Xm@E)) *+ € (2.6)
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From (2.4), (2.6) we get

lim fCm®-1 00 oy ar < [F p(e)dt 2.7)

poa
Using (2.3), (2.5), and (2.7) we get,
Iy p@dt < [P0 eyt
Ekjﬂ“("n(p)—lrxm{p)-l) (p(t)dt
=kf, ¢(D)dt
Which is contradiction, since k& (0, 1). therefore {x,,} isaCauchy sequence Since ( X,d) is complete metric

space , therefore have call the limitz .
From (2.1), we get

jc‘(Tz'x“J"')qa(t]dt: fod[”'”n)ﬁo(t)dt

<a fod(z,ranHi{xn,Tz)(p(t)dt

max { d(z,Tz).d(xnTxn)}

+B p(t)dt
. J-(;p[ d(z.Txp),d(x,,T2),d(2,T2),d (%, Txn)} g?(t)df

+ 6J-Omax{d(xn.Tz).d(xn,Txn)}@(t)dt
Taking limitas n — oo, we get

jc[ (Tz.z) (P(t]df <a J-Ud(z.‘.l"z) (P(t)dt = ,8 J-O
= @) [

Which is Contradiction
Therefore Tz=z
That iszisa fixed point of T in X.

d(z,Tz) (P(t)df

Uniqueness : Let w is another fixed point of T inX such that z == w, then we have
From (2.1), we get
_fat(z'w)cp(t]dt = J p(t)dt

J~ d(z,Tw)+d(w,Tz)
1]

d(Tz,Tw)
(p(t)dt ‘ ;‘3 fnmax{d(z.TZJ.ri(w,Tw)} (p(t)dt

i J-w { d(z,Tw),d(w,Tz),d(z,Tz),d(w,Tw)}

sa

max { d(w,Tz),d(w,Tw)}

0 pt)dt +6 [ p(t)dt
ja‘ e p(t)dt < 2a j’a‘ e p(t)dt

Which is contradiction
So z=w thatis, z is unique fixed point of T in X.
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